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L a t i n  s q u a r e s  of  t h e  s i x t h  o r d e r  

T h e  p r o p e r t i e s  of a s q u a r e  a r r a y  of n l e t t e r s ,  e a c h  
r e p e a t e d  n t imes ,  a n d  s u c h  t h a t  e a c h  l e t t e r  occurs  once  
in e a c h  row a n d  once  in  e a c h  c o l u m n  of t h e  n ~ cells, 
were  f i r s t  d i s c u s s e d  b y  EULgR 1 (1782);  s ince  t h e n  t h e  
e n u m e r a t i o n  a n d  t h e  i n v e s t i g a t i o n  of  o t h e r  p r o p e r t i e s  
of t h e s e  Lat in  Squares h a v e  i n t e r e s t e d  m a n y  m a t h e -  
m a t i c i a n s .  S o m e  a s p e c t s  of  t h e  p r o b l e m  a s s u m e d  p rac -  
t i ca l  i m p o r t a n c e  a b o u t  t w e n t y  y e a r s  ago,  w h e n  L a t i n  
s q u a r e  a r r a n g e m e n t s  b e g a n  t o  b e  u s e d  e x t e n s i v e l y  in 
t h e  des ign  of  a g r i c u l t u r a l  a n d  o t h e r  sc ien t i f ic  exper i -  
m e n t s .  

One  p r o b l e m  to  w h i c h  EOLER g a v e  p a r t i c u l a r  a t t e n -  
t i o n  was  t h a t  of  f i n d i n g  a G r m c o - L a t i n  square ,  or  as 
he  t e r m e d  i t  un quarrd magique complet, n a m e l y  t w o  
s u p e r p o s e 6  squa re s ,  one  in  R o m a n  a g d  one  in G r e e k  
l e t t e r s ,  w i t h  t h e  a d d i t i o n a l  r e s t r i c t i o n  t h a t  e ach  of t h e  
n z p a i r s  of one  R o m a n  a n d  one  G r e e k  l e t t e r  s h o u l d  
occu r  once  a n d  once  only .  On  e v i d e n c e  t h a t  was  sca rce ly  
a d e q u a t e ,  h e  c o n c l u d e d  t h a t  for  6 × 6 s q u a r e s  n o  s u c h  
a r r a n g e m e n t  e x i s t e d ;  h is  conc lus ion  was  f ina l ly  con-  
f i r m e d  b y  FISHER a n d  YATES ~ (1934) a f t e r  a s y s t e m a t i c  
e n u m e r a t i o n  of  L a t i n  s q u a r e s  of t h i s  order .  

A G r s e c o - L a t i n  s q u a r e  of  o r d e r  n m a y  be  looked  u p o n  
as  a (1 n) p a r t i t i o n  of  a n  n × n L a t i n  squa re ,  s ince  i t  
e n t a i l s  t h e  s u b d i v i s i o n  of t h e  n 2 cells  i n t o  n se t s  s u c h  
t h a t  e a c h  c o n t a i n s  one  cell  f r o m  e a c h  row,  one  f r o m  
e a c h  c o l u m n ,  a n d  one  of  e a c h  l e t t e r ;  t o  e a c h  of t h e s e  
se ts  of  n cells, u s u a l l y  t e r m e d  directrices a n d  posses s ing  
t h e  p r o p e r t y  of b e i n g  o r t h o g o n a l  w i t h  rows,  co lumns ,  
a n d  R o m a n  le t t e r s ,  a d i f f e r en t  G r e e k  l e t t e r  is t h e n  
ass igned .  C e r t a i n  a g r i c u l t u r a l  p r o b l e m s  r e c e n t l y  c a u s e d  
t h e  w r i t e r  t o  i n v e s t i g a t e  t h e  e x i s t e n c e  o f  less c o m p l e t e  
p a r t i t i o n s  of a 6 × 6 L a t i n  square ,  a n d  in p a r t i c u l a r  of 
(33) a n d  (2 ~) p a r t i t i o n s ,  t h e s e  r e q u i r i n g  t h e  s u b d i v i s i o n  
of t h e  36 cells i n t o  e i t h e r  t w o  se t s  of e i g h t e e n  o r  t h r e e  
se t s  of t w e l v e  s u c h  t h a t  e a c h  s e t  c o n t a i n s  t h r e e  or  t w o  
f r o m  e a c h  row,  c o l u m n ,  a n d  l e t t e r .  H e  d e m o n s t r a t e d  
t h e  ex i s t ence  of  (2 s) p a r t i t i o n s  for  e v e r y  6 × 6  s q u a r  e 
a n d  of (32) p a r t i t i o n s  for  m o s t  s q u a r e s  (FINNEY ~, 1945). 

1 L. EULER, "Recherches sur une nouvelle esp~ce de quarr~s ma- 
giques", Verhandelingen uitgegeven door bet Zeeuwseh Genootschap 
der Wetenschappen te Vlissingen 9, 85-239 (1782). 

2 R.A. FXSH~R and F. YATeS, "The 6 X 6 Latin squares", Proc. 
Cambridge Philos. Soc. 30, 492-507 (193~). 

s D. J. FINNEV, "Some orthogonal properties of the 4 × 4 and 
6 × 6 Latin squares", Ann. Eugenics 12, 213-219 (1945). 

Th i s  s t u d y  s u g g e s t e d  t h e  f u r t h e r  p r o b l e m  of d i scover -  
ing  o t h e r  o r t h o g o n a l  p a r t i t i o n s  of t h e  6 X 6 s q u a r e s  a n d  
of e n u m e r a t i n g  t h e m .  FISHER a n d  YATES h a v e  c lass i f ied  
t h e  s q u a r e s  i n t o  t w e l v e  a d j u g a t e  sets ,  s u c h  t h a t  a n y  
o r t h o g o n a l  p r o p e r t y  of  t h e  k i n d  u n d e r  d i scuss ion  is 
c o m m o n  to  al l  s q u a r e s  of t h e  s a m e  se t ;  c o n s e q u e n t l y  
o n l y  a d e t a i l e d  e x a m i n a t i o n  of  one  s q u a r e  f r o m  e a c h  
se t  was  necessa ry .  T h e  p r o c e d u r e  fo l lowed was  e s sen t i -  
a l ly  t h e  s a m e  as  t h a t  u sed  b y  EULER in h is  s ea rch  for  
Graeco-La t in  squares ,  n a m e l y  t h e  e x h a u s t i v e  a s c e r t a i n -  
m e n t  of d i r ec t r i ces  fo l lowed b y  t h e  l i s t ing  of se t s  of 
d i r ec t r i ces  h a v i n g  n o  cells in  c o m m o n .  EULER f o u n d  
one  s q u a r e  to  h a v e  a se t  of f ou r  d i r ec t r i ce s  g iv ing  a 
(14 , 2) p a r t i t i o n ,  a n d  f rom t h i s  c a n  be  fo rmed ,  b y  
c o m b i n a t i o n  of pa r t s ,  e v e r y  o t h e r  t y p e  of p a r t i t i o n  
e x c e p t  t h e  ( lS);  t h e  e x i s t e n c e  of (14, 2) p a r t i t i o n s  h a s  
b e e n  d e m o n s t r a t e d  for four  of t h e  t w e l v e  a d j u g a t e  sets .  

As a n  i l l u s t r a t i o n  of t h e  r e s u l t s  o b t a i n e d ,  t h e  p ro -  
pe r t i e s  of  o n e  s q u a r e  will  be  d i scussed  in some  deta i l .  
T h e  s q u a r e  c h o s e n  is :  

A B C D E F 
B A F E D C 
C D A B F E 
D F E A C B 
E C B F A D 
F E D C B A 

w h i c h  is a r e p r e s e n t a t i v e  of a n  a d j u g a t e  se t  (FISHER a n d  
YATES' X V ,  X V I )  h a v i n g  a r e m a r k a b l y  h i g h  degree  of 
s y m m e t r y  in i t s  o r t h o g o n a l  p a r t i t i o n s .  T h e r e  a re  24 
d i rec t r ices ,  a n d  each  cel l  of t h e  s q u a r e  lies on  four  of 
t h e s e ;  for  e x a m p l e ,  t h e  f i r s t  cell of  t h e  f i r s t  row h a s  
p a s s i n g  t h r o u g h  i t  t h e  d i r ec t r i ce s  A F B C D E ,  A E F B C D ,  
A D E F B C ,  A C D E F B ,  t h e  s ix  l e t t e r s  b e i n g  t a k e n  f r o m  
t h e  s ix  rows  of  t h e  s q u a r e  in  t h e  o r d e r  specif ied.  Se ts  
of four  d i r e c t r i c e s  l e a d i n g  to  (14  2) p a r t i t i o n s  c a n  b e  
c h o s e n  in  t h i r t y  d i f f e r e n t  ways ,  a n d  t h e s e  use  e v e r y  
d i r e c t r i x  f ive  t imes .  A t y p i c a l  o n e  of  t h e s e  p a r t i t i o n s ,  
t h e  n e a r e s t  a p p r o a c h  poss ib le  to  a 6 × 6 G r m c o - L a t i n  
squa re ,  is : 

Act Bfl  C? D6  Ee  Fe  
Be As  F ~  Ey Dfl C~ 
Cfl Dy A6  B ~  Fe  Ee  
De F6  Eft  As  Cct By 
.E~ Ce Be Ffl  Ay Dot 
Fy E~ De Ce ]36 Aft 
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where ~, fl, ~,, ~5 mark the four directrices and e the 
residual duplex,  or set of two cells from each row, 
column, and letter.  In the th i r ty  partitions, each of 
fifteen duplexes occurs twice. By  combinat ion of a 
directrix with a duplex, 120 different (13, 3) parti t ions 
can be formed, and a further  forty exist which cannot 
be derived in this way;  in the total  of 160, every directrix 
occurs twen ty  times. The (12, 2 ~) parti t ions have not 
been enumerated systematically,  but  the existence of 
at  least 180 has been established and there are indica- 
tions tha t  this is the full total .  Other properties of the 
directrices are tha t  each has two cells in common with 
five of the others, one cell in common with  eight  of the 
others, and no cell in common with  the remaining ten. 

The full enumerat ions tha t  have been made are sum- 
marized in the  following table;  the figure in the column 
(I, 5) is, of course, the number  of di~ectrices. The  
adjugate  sets are numbered according to FISHER and 
YATES' classification of seventeen type  squares, five of 
the sets having two type  numbers.  

Square type Type of partition 
(1, 5) (12, 4) {1:1, 3) (14, 2) (12, 22) 

I, II  8 14 0 0 24 
I I I  8 4 0 0 4 
IV 8 16 8 2 20 
V, VI ,'¢ 12 8 2 24 
X 32 204 256 56 336 t 
XV, X V t  24 120 160 30 180(?) 

The remaining six sets, types VI I ;  VI I I ,  I X ;  XI,  X I I ;  
X I I I ;  X I V ;  X V I t ,  have  no directrices, and therefore 
cannot  have part i t ions of the types listed. 

The remaining types of par t i t ion of the number  six, 
namely (1, 2, 3), (23), (2, 4) and (3z), have not yet  been 
completely enumerated,  though the total  numbers  tha t  
can be derived by combination of parts in (14, 2) or 
(13, 3) part i t ions have been counted. Even  these are 
sometimes very numerous, especially for squares of 
type X, for which the figures are 976, 168, 238, and 
224 respectively. Squares of types X I - X I V  and X V I I  
have no (3 *) parti t ions,  and squares wi thout  directrices 
clearly have no (1, 2, 3) partit ions, but  otherwise parti-  
tions of these types can be found for all squares. 

The square already discussed, in common with others 
of type  XV, XVI,  has twen ty  pairs of mutual ly  ortho- 
gonal (! a, 3) parti t ions,  of which the following is an 
example:  

A~I Bfl2 C y 3  D64 E~4 Fb4 
B~4 Ad4 F ¢ ¢ 2  E~4 D63 Cfll 
C64 DV1 Ad4 B~3 Fff4 Ec52 
D62 FO3 EOl Aft4 C~4 B?4 
Eft3 Ce54 Be54 F61 A~2 D~4 
Fy4 E~4 Dfl4 C62 B61 A63 

Here both the Greek letters and the numbers mark 
(1 ~, 3) parti t ions of the original Lat in  square, and also 
each of 1, 2, 3 occurs once in the same cell as each of 
~, t3, 7, three times in the same cell as J, while 4 occurs 
three t imes with each of ~, fl, ~, nine t imes with ~5. 
This appears to be the most complex type  of orthogonal  
part i t ioning possible for 6 × 6  Latin squares; twelve 
such pairs of parti t ions may be found for squares of 
type  X, but  the remaining types have  none. 

In this brief note, it has been possible to give only 
an indication of the properties of these orthogonal  parti-  
t ions; a full account of the results so far a t ta ined will 

x Not completely enumerated. 

short ly be published in the Annals of Eugenics (1947)L 
Much still remains to be done, especially in respect of 
those part i t ions which have yet  to be enumerated.  In 
arrays of letters which at first inspection seemed re- 
markable  only for their  complete lack of symmet ry ,  many  
interesting and complex pat terns  have come to light, 
and there now seems little doubt  tha t  the numbers  and 
interrelationships of the remaining part i t ions will also 
show symmetr ic  structures, 

D. J. FINNEY 

Univers i ty  of Oxford, August  29, 1946. 

Zusammen las sung  

EUI.ER ha t te  in seiner Originalabhandlung tiber die 
lateinischen Quadrate  vermute t ,  da0 kein Paar  wechsel- 
seitig orthogonaler  6 × 6 Quadrate  existiert,  was einige 
Jahre  sp~tter bewiesen wurde. Man land dann aber, dab 
diese 6×  6 lateinischen Quadrate  einige interessante 
orthogonale Verteilungen in einem schw/tcheren als dem 
EULERschen Sinne besitzen, die zum Tell klassifiziert 
und aufgeziihlt werden konnten.  Die vorliegende Note 
charakteris ier t  die erhal tenen Resul ta te  und gibt einige 
interessante Symmetr ieeigenschaften dieserVertei lungen 
an. 

I D. J. FmNEV, "Orthogonal partitions of the 6)<6 Latin 
squares", Ann. Eugenics 13 {in the press) {1947). 

H e m m u n g s w i r k u n g  v e r s c h i e d e n e r  C h i n o n e  
a u f  d i e  E i w e i B s p a l t u n g  d u r c h  P a p a i n  ~ 

K. WALLE.NFELS 2 gibt in einer vor kurzem erschie- 
nenen Arbei t  der Vermutung Ausdruck, dab die durch 
die Einwirkung yon Chinonen attf Bakter ienkul turen 
erzielte Wachs tumshemmung  auf der Beeinflussung 
eines chinonempfindlichen Fermentsys tems  beruht.  
Diese Annahme erscheint uns als eine brauchbare Ar- 
beitshypothese,  hingegen k6nnen wir uns nach Vergleich 
der yon WALLENFELS zitierten Versuche yon KUHN und 
BEINERT fiber die Carboxylasehemmung durch Chinone 
mit  den yon A. E. OXFORD S sowie E. F. MOi~LLER 4 ge ° 
messenen Wachs tumshemmungen  bei Staphylococcus 
aureus nicht  der Meinung anschlieflen, dab die Carb- 
oxylase bei der ant ibakter iel len Wirkung eine entschei- 
dende Rolle spielt. Dazu sind die 0bere ins t immungen  
der Hemmungsre ihen doch nicht  fiberzeugend genug; 
auBcrdem sind eine Anzahl weiterer bei Bakterien nach- 
gewiesener Fermente  bekannt ,  die sich durch Chinone 
hemmen lassen und daher fiir die antibiotische Wirkung 
durch ihre Hemmbarke i t  auch verantwort l ich sein 
k6nnen. 

Um zur K1Arung dieser Fragen beizutragen, haben 
wir kfirzlich die H em m ung  der Aktivi t / t t  yon Urease 
und Katalase durch eine Anzahl verschiedener Chinone 
untersucht  und darfiber an anderer Stelle ber ichtetL 
Die erhaltenen Ergebnisse lassen einen urs~ichlichen Zu- 
sammenhang zwischen diesen beiden Fermenten  und 
der antibiotischen Wirksamkei t  der Chinone unwahr-  
scheinlich erscheinen. 

x Ausftihrliche Ver6ffenttichung mit weiteren Belegen folgt in den 
Monatsheften fiir Chemic (Wien). 

,z K. WALLENFELS, Chemie 58, 1 (1945). 
3 A. E. Oxr'oRo, Chem. Ind. 61, 189 (1942). 
4 Zifiert bei WALLENFELS, Amn. 2. 
50 .  HOFFMANN-OsTENItOF und W. H. LEE, Mh. Chem. 76, 1S0 

(1946); O. HOVFMANN-OSTENHOF und, E. BIACH, Mh. Chem. (ira 
Druck). 


